Abstract. This paper gives a geometric topological proof that exotic homotopy 3-spheres do not exist.
2
A Morse function is a function f : M → IR such that in all but isolated points there is a diffeomorphism g from a neighborhood V of a point p ∈ M to IR 3 so, that if g(p) = (x, y, z), f (p) = z + c where c is a constant.
In We will assume that M is a closed and differentiable 3-manifold.
The following notations will be used: I = a closed interval; S n = a closed nsphere; D 2 = a closed disc; T 2 = a torus; B 3 = a closed 3-ball. D Let X ≈ Y mean that the manifold X (possibly with a boundary) is homeomorphic to Y . Usually we will assume, that the homeomorphism is a diffeomorphism. Let γ ≃ γ ′ mean that the loop γ is homotopic to γ ′ .
We will assume, that the Morse functions are smooth at all points except for a finite set of critical points. Smooth means here that f is sufficiently many times (say, 3 to be sure) continuously differentiable in local coordinates. Let us write confusion we also call a a level. We will write M a = M \int(M a ). Let a max and a min denote the highest and lowest levels a respectively such that f −1 (a) is not empty.
The idea of the proof
It suffices to show that every differentiable simply-connected closed 3-manifold is homeomorphic to the 3-dimensional sphere S 3 as proving the claim for differentiable 3-manifolds proves it for all. As M is simply-connected it is orientable, so we start by proving some lemmas for closed, orientable and differentiable 3-manifolds.
We do not change the manifold M in the proof but construct different Morse functions on it. First we recall from a theorem of Smale that it is possible to find a Morse function which has only one critical point of index 0 and of index 3. In level a' level a Let a satisfy b < a < c. Then a is a regular level, that is, not a level where there are critical points. We show that M a = {q ∈ M |f (q) ≤ a} and M a = {q ∈ M |f (q) ≥ a} are both handlebodies. That is, 3-manifolds with a boundary obtained by attaching handles to a 3-ball. This is not automatically true, we must show that the manifolds do not contain embedded exotic homotopy balls, i.e., 3-manifolds, which have the boundary S 2 and which are simply-connected but not homeomorphic to 3-balls.
In Lemma 9 we show that inside M a and M a there are no exotic homotopy balls. This is so because if there is an exotic homotopy ball after the addition of a 1-handle, there already was an exotic homotopy ball before the addition of the 1-handle. Figure 3 illustrates this: If the blackened part is a part of an exotic ball, then there already existed an exotic ball before adding the 1-handle because we can connect the parts also by a tube that does not go through the 1-handle. Let us notice that this is only true for the level a such that all 2-handles are above the level a and all 1-handles are below the level a. On other levels we cannot conclude that there are no embedded exotic balls. We cannot even conclude that both sides are handlebodies with possible embedded exotic homotopy balls, since they may have nontrivial fundamental groups. We can show these things only for the level a. In order to show that M a does not contain exotic balls we use induction by adding 1-handles one by one and conclude that no exotic ball exists.
We can show the same for M a by making a similar induction with the Morse function −f .
A Heegaard split is a general way of expressing 3-manifolds by glueing two handlebodies at their boundaries. The genus g of the split is the number of handles in the handlebodies. In Lemma 10 we show that we have a special kind of Heegaard split M a , M a . There are homeomorphisms g 1 and g 2 such that g 1 (M a ) and g 2 (M a ) are handlebodies embedded in IR where α = 0.5 is the offset the loop advances in each round, the necessary shift needed to make a loop.
Instead of fundamental groups of H a,1 and H b,1 we will consider the first homology groups H 1 (∂H a,1 ) and H 1 (∂H b,1 ) with integer coefficients. The boundary map ψ : ∂H a,1 → ∂H b,1 induces a linear map between the homology groups. The first homology group is abelian, so the loop can be expressed more simply as
As the group is abelian, we can also use the additive notation:
Clearly, we can use linear algebra for solving the generators x a,1 and x b,1 , and if the manifold is simply-connected, we will manage to solve x a,1 and x b,1 as linear combinations of y a,1 and y b,1 . However, this is not only linear algebra with rational coefficients but there are the properties that loops map to loops and not every closed curve can be modified to be a loop. With these two properties we manage to show in Lemma 13 that a loop g −1
1 (x a,1 ) can be associated with a loop l which is homotopic to it in g 1 (M a ) and l bounds an embedded disc in g 2 (M a ).
There is a critical point of index 2 in this disc, which we will move down.
What we want to do with this result is to reduce the genus of the Heegaard split by canceling one 2-handle and 1-handle pair. Then induction on the genus yields the result. The tricky thing is that in order to cancel a pair we should move a 2-handle down. The modification that is needed for the Morse function in order to move a 2-handle down is the inverse modification to the one in Figure   2 . The difficult part is that in order to move a 2-handle down (or 1-handles up, which is the same thing for −f ) we need a closed cylinder neighborhood of a disc.
In order to move a 2-handle up (or 1-handles down, which is the same thing for −f ) we only needed a closed tubular neighborhood of a path. Topologically these are the same and that is why the modification is the same, but while it is easy to find a 1-dimensional path which does not meet any critical points, it is not easy to find a large disc which is avoiding critical points. It is where we need the simply-connectedness of M .
We can of course find an embedded disc from M a that bounds any contractible loop on ∂M a , but this loop has to be moved down to a low Morse level. We have to find an embedded collar that has the same boundary as this embedded disc.
If we get such a collar then we can construct a Morse function where the critical point of index 2 is on a level just above the level of the lowest critical point of index 1.
We can try to push down a loop that is contractible in M In order to avoid critical points, we try to find a loop that goes around one 1-handle only in M a , so that the loop can be pushed down creating a collar that does not go through any other critical points. Thus, we need a loop on H a,1 that has only one noncontractible generator x a,1 . If the genus g = 1 this is of course true, but if g > 1 we need to find a suitable loop in Lemma 13. By using linear algebra and the two properties that loops map to loops and not all closed curves can be represented as loops we find a suitable loop that has only one noncontractible generator x a,1 . Then we can push the collar down all the way without hitting critical points because meeting these critical points means going around a 1-handle that is created in a critical point. Our collar goes around the 1-handle that is created on the first critical point of index 1. We will not continue the collar to this level but stop just before the level on some regular level. Thus, our collar avoids all critical points and stays as an embedded collar.
The embedded collar formed by moving the loop l d down can be connected the the disc in order to form a larger disc. We take a closed cylinder neighborhood of the disc. Inside the neighborhood we can the change of the Morse function, using the inverse of the change in Figure 2 , and move the 2-handle to a lower level. The change does not affect the Morse function outside the neighborhood and will not change the levels of other critical points. In this way we can move the 2-handle to a so low level that the two first critical points after the 0-handle are a 1-handle and a 2-handle and the 2-handle is a disc contracting the 1-handle.
Together they make a 3-ball. We can replace the Morse function by such a Morse function where these two critical points do not appear at all. In Lemma 14 we
show that this results to a reduction of the genus of the Heegaard split, which proves by induction that there are no exotic homotopy 3-spheres.
3 The proof 
Proof. As M is orientable the surface N a separates M . Lemma 2. Let M be a closed orientable and differentiable 3-manifold. Let f : M → IR be a Morse function such that f has the critical points p 0 , ..., p n .
level such that there exists a path l : I → M satisfying
for each x, y ∈ (0, 1) holds that if x < y then f (l(x)) < f (l(y)) and
Then there is a Morse function f ′ : M → IR such that:
f ′ and f have the same critical points and they have the same indices,
We extend w ′ s to 1 ≥ z > 0.5 by:
Let w s : A → A be a smooth fuction for r < 1 approximating w ′ s . Let us find a diffeomorphisms g of A to the tubular neighborhood V so that the points with z = 0.5 map to l(I), g(0, 0, 0.5) = p k ,
Let us construct f ′ : M → IR as follows:
f ′ could have critical points in ∂V since there could be created a new saddlepoint.)
Finally smoothen f ′ on ∂V . Figure 2 shows the construction of f ′ in V . We simply wrote down an explicit function for doing the modification in Figure 2 .
Lemma 3. Let M be a closed simply-connected differentiable 3-manifold.
There exists a Morse function f : M → IR such that f has one critical point of index 0 only, one critical point of index 3 only and on each critical level there is one critical point only.
Proof. By Theorem D of [2] there is a Morse function f such that f has one critical point of index 0 only and one critical point of index 3 only.
By applying the modification in Lemma 2 successively we can construct a
Morse function which has the same critical points (and of same indices) as f but such that all critical points are on distinct levels.
Let us denote the minimum and maximum values of f by f (p 0 ) = a min and
Lemma 4. Let M be a closed simply-connected differentiable 3-manifold.
If a Morse function f : M → IR has one critical point of index 0 only and one critical point of index 3 only, then for each level a ∂M a is connected.
Proof. If ∂M a is not connected, then there exists a noncontractible loop passing the critical point of index 0, the critical point of index 3 and two points in two components of ∂M a .
Lemma 5. Let M be a closed simply-connected and differentiable 3-manifold.
Let f : M → IR be a Morse function such that f has the critical points p 0 , ..., p n .
f ′ and f have the same critical points and they have the same indices, It is not obvious that a critical point of index 2 can be avoided when moving a 2-handle in the direction of growing Morse level. Let p m be a critical point of
and there is no critical point p j ∈ l(I)
Assume that there is no path which omits p m . Select a small embedded circle in a neighborhood of p k on the level f (p k ) + ǫ such that a path from every point of the circle a path towards grad(−f ) passes through p k . Continuing the circle to the direction of grad(f ) defines a surface N ⊂ M such that N = g(I × I) where
If there is no such N , then l(I) can be selected to omit p m .
N is embedded as in all points x ∈ N , x ∈ {p m , p k } the gradient of f is unquely defined.
The surface N separates M as M is orientable. As p m is a saddlepoint, there are two points p and q on the opposite sides of N such that both p and q belong to ∂M f (pm)+ǫ for some small ǫ > 0. Let a = f (p m ) + ǫ. By Lemma 4 ∂M a is connected, therefore there is a path from p to q in ∂M a . This path must intersect N as N separates M . However, all points x ∈ N have f (x) ≤ f (p m ) < a. This contradiction shows that there is a path l(I) omitting p m .
Lemma 6. Let M be a closed simply-connected and differentiable 3-manifold.
Then there is a Morse function f ′ : M → IR such that: f ′ and f have the same critical points and they have the same indices, 
Proof. By the Morse theory π i (M a ) = 1 for a ∈ (a min , f (p 1 )). In each critical point p k of index 1 (0 < k ≤ i) by the Morse theory Let F be a smoothly embedded disc cutting the 1-handle H. F can be assumed to be in a general position so, that F ∩ ∂B 3 e is a set of disjoint circles
The set A 0 contains a nonempty subset B 0 = {S j |j ∈ I 1 } ⊂ A 0 } where each
e is a boundary of a disc D j ⊂ ∂B 
Similarily we can find a collar C ′ = c ′ (S 1 ×I), for an embedding c ′ : We must move this part of B 3 e back to M a but not through F . Let l be a path from a point in V 1 ∩ K b to a point in V 1 ∩ K a which does not go through F .
We can select l so that it does not intersect with B Define g as the combined homeomorphism g :
Let us rename the exotic homotopy ball g ′ (B There are now less circles in the intersection set A 1 = F ∪ ∂B 3 e . If A 1 is nonempty, let us return to the step of selecting one S j , repeat the procedure and get a smaller set A 2 .
We repeat the procedure as long as F ∪ ∂B 3 e = ∅. When the set is empty, we have obtained an exotic homotopy ball which is contained in
So, there is an exotic homotopy ball B For any regular level a holds: if a < f (p l+1 ), then M a is a handlebody and if
Proof. By Lemma 7 there exists such a Morse function. By Lemma 8 the fundamental groups of M a and M a are free. A compact orientable 3-manifold with a nonempty connected boundary, which has a free fundamental group is a handlebody with embedded homotopy balls.
If there is an embedded exotic homotopy ball in M a for a regular a < f (p l+1 ), then Lemma 9 used l times shows that there is an exotic homotopy ball in M a for a min < a < f (p 1 ). This is a contradiction as for a min < a < f (p 1 ), M a is a 3-ball. This shows that there are no embedded exotic homotopy balls in M a .
Therefore M a is a handlebody if a < f (p l+1 ).
The same argument for −f shows that there are no embedded exotic homotopy balls in M a for a > f (p l ). Therefore M a is a handlebody if a > f (p l ).
Let us now summarize the results obtained so far. These results do not require the manifold M to be simply-connected, and the results are very natural. We have created a Heegaard split for the manifold, but this Heegaard split has the advantage that it is induced by a Morse function and we learned how to move handles by Lemma 2. 
Corollary 1. Let M be a closed differentiable and simply-connected 3-manifold. Let f be a Morse function as in Lemma 10. Let a be a regular level The following property is useful.
Lemma 11. Let ψ be the glueing mapping of a Heegaard split induced by
Proof. The Morse function f has a as a regular level. Therefore the glueing map- Proof. The first homology group is the abelianization of the fundamental group and thus it is abelian and torsion free. We can use the same generators for the first homology group, or select another set of generators. As the group is abelian, we can use an additive notation and write a word in the generators as
The pullback of the boundary map ψ : ∂H a,g → ∂H b,g is a linear map between the homology groups. Thus, the map between the first homology groups H 1 (∂H a,g ; Z Z) and H 1 (∂H b,g ; Z Z). induced by the glueing mapping can be described in a matrix form as
The entries of the matrix S are rational numbers. There are 2g equations to solve x a,j and x b,j . If the matric S is invertible, every x c,j can be expressed as
where A j and B j are row vectors with rational entries. Since y c,j is contractible in H c,g (c ∈ {a, b}),
It follows that if the matrix is invertible, then
This is as we expect since the manifold M is simply-connected.
However, if the matrix S is not invertible, then we cannot solve every x c,j as a linear combination of y a,k and y b,k . In this case there are too few linearly independent equations and at least one x a,j can only be expressed as a funtion of y a,k , y b,k , x b,k and x b,m for some indices k and m = j. In this case x a,j cannot be contractible in M . Then M is not simply-connected. We conclude that the matrix S must be invertible.
In order to illustrate this conclusion by an example, let us take g = 1 and let the mapping be x a,1 = x b,1 , y a,1 = y b,1 . Here we cannot solve x a,1 as a linear combination of y a,1 and y b,1 and the manifold is also clearly not simply-connected. Proof. We will select the generators of the first homology groups of ∂H c,g , c ∈ {a, b} slightly differently as y j in Figure 4 . Let us first take a large filled torus and let its noncontractible standard generator be called x c,1 and contractible standard generator be called y c,1 . Then we glue g − 1 small handles to the outer sphere of this filled torus. This gives a handlebody of genus g. We select x c,j as noncontractible generators as in Figure 4 , but the contractible generators y c,j we select such that they are on the surface of the big torus. Thus, they go through the holes created by the small handles. In Figure 4 we have marked these loops by z j . We can use these generators in Lemma 12 and as M is simply-connected, there is a solution
where A j and B j are row vectors with rational entries.
In the example of Figure 5 a) we needed a shift α in order to create a curve without making self-intersections, that is, to make a loop.
Moving the generators of H a,g to the left-hand side and the generators of H b,g to the right-hand side gives 2) Assume that the coefficients of A 1 are rational numbers but not integers. In that case the left-hand side is a set of disjoint paths that have no self-intersections.
We can find an integer k such that when the equation is multiplied by k, the lefthand side can be presented as a loop.
3) It is generally true that if there is no shift, we do not get a loop if a curve winds up multiple times. This can be seen in This yields a loop where x 2 appears k times and z j appears c j times. This loop is mapped to a loop and because of 3) every nonzero b j after multiplying by k is ±1. It follows that the integer k is ±1.
5)
As the left-hand side is not contractible in H a,g , the right-hand side has at least one coefficient b j which is not zero.
6) Loops map to loops in ψ, therefore the right-hand side is a loop in g 2 (M a ).
As it is loop, every y b,i must have coefficient ±1 as there is no term x b,i . So
where b i = ±1 or zero. This loop is contractible and bounds an embedded disc in H b,g .
We conclude that the preimage g
in M a and bounds an embedded disc in M a . Every simply connected closed 3-manifold which has a Heegaard split of genus 1 is homeomorphic to S 3 . This means that the modified M c and the original M c make S 3 . That means that the boundary map must be trivial: a noncontractible generator is mapped to a contractible generator. Let us now restore M a . It was only temporarily replaced by a filled torus in order to investigate the boundary mapping. The boundary mapping is of course still the same. We know now that the boundary mapping is trivial.
We have the disc in H b,g that has l as a boundary, and a collar from l to the level c. This collar does not meet any critical points. We can make a similar move of a handle as is done in Figure 2 but this time we move a 2-handle down.
The collar can be added to the disc to make a bigger disc. The disc contains a critical point p m of index 2. We take a closed cylinder neighborhood of the disc.
Inside this neighborhood we make the inverse of the modification given in Lemma 2. This move lowers the level of the 2-handle. This lowering can be continued until the 2-handle is moved to the level c. Thus, moving 2-handles down is possible if there is an embedded collar that does not meet any critical points.
We have on the level c the 2-handle and on the level f (p 1 ) the 1-handle.
The boundary mapping is trivial. These two handles cancel each other, i.e., the 2-handle fills the hole created by the 1-handle. We can construct a new Morse function where these handles do not appear. The new Morse function f ′ satisfies
Lemma 10 and the genus of ∂M a for f ′ is g − 1.
The first generally accepted proof of the Poincaré conjecture was given by Grigory Perelman in the year 2002. The proof applies advanced techniques. We have obtained another proof by using elementary methods only: Theorem 1. Every simply connected closed 3-manifold is homeomorphic to the 3-sphere.
Proof. We may assume, that M is differentiable since if the claim holds for differentiable 3-manifolds it holds for all, see e.g. [1] . Assume, that M is an exotic homotopy sphere. Let f : M → IR be a Morse function as in Lemma 10. Assume, that there is a minimum genus g for the Heegaard split induced by a Morse function satisfying Lemma 10. There is a lower bound to g as there is no nontrivial
